Heavy-ion reactions induced by neutron-rich nuclei provide a unique means to investigate the equation of state of isospin-asymmetric nuclear matter, especially the density dependence of the nuclear symmetry energy. In particular, recent analyses of the isospin diffusion data in heavy-ion reactions have already put a stringent constraint on the nuclear symmetry energy around the nuclear matter saturation density. We review this exciting result and discuss its implications on nuclear effective interactions and the neutron skin thickness of heavy nuclei. In addition, we also review the theoretical progress on probing the high density behaviors of the nuclear symmetry energy in heavy-ion reactions induced by high energy radioactive beams.
I. INTRODUCTION
During the last decade, many radioactive beam facilities have become available in the world. At these facilities, nuclear reactions involving nuclei with large neutron or proton excess can be studied, providing the opportunities to study the properties of nuclear matter under the extreme condition of large isospin asymmetry. This has led to a lot of interests and activities in a new research direction in nuclear physics, namely the isospin physics. The ultimate goal of studying isospin physics is to extract information on the isospin dependence of in-medium nuclear effective interactions as well as the equation of state (EOS) of isospin asymmetric nuclear matter, particularly its isospin-dependent term, i.e., the density dependence of the nuclear symmetry energy. There are already extensive reviews on the isospin physics in nuclear physics, and they can be found in, e.g., Refs. [1, 2, 3, 4, 5, 6] .
Knowledge about the nuclear symmetry energy extracted from the EOS of isospin asymmetric nuclear matter is essential in understanding not only many aspects of nuclear physics, such as heavy-ion collisions induced by radioactive nuclei and the structure of exotic nuclei, but also a number of important issues in astrophysics, such as nucleosynthesis during pre-supernova evolution of massive stars and the cooling of protoneutron stars. Although the nuclear symmetry energy at normal nuclear matter density is known to be around 30 MeV from the empirical liquid-drop mass formula [7, 8] , its values at other densities, especially at supra-normal densities, are poorly known [1, 2] . Predictions based on various many-body theories differ widely at both low and high densities [9, 10] . Empirically, the incompressibility of asymmetric nuclear matter is essentially undetermined [11] , even though the incompressibility of symmetric nuclear matter at its saturation density ρ 0 ≈ 0.16 fm −3 has been determined to be 231 ± 5 MeV from nuclear giant monopole resonances (GMR) [12] and the EOS at densities of 2ρ 0 < ρ < 5ρ 0 has also been constrained by measurements of collective flows in nucleus-nucleus collisions [3] .
Theoretical studies of the EOS of isospin asymmetric nuclear matter were started by Brueckner et al. [13] and Siemens [14] in the late 60's. Since then, There have been many studies on this subject based on different many-body theories using various two-body and threebody forces or interaction Lagrangians. These manybody theories provide very useful tools for understanding the properties of hot and dense nuclear matter, and they can be roughly classified into three categories: the microscopic many-body approach, the effective-field theory approach, and the phenomenological approach. In the microscopic many-body approach, the nuclear manybody problem is treated microscopically using nucleonnucleon interactions fitted to high-precision experimental data and is thus free of parameters. The microscopic many-body approach mainly includes the non-relativistic Brueckner-Hartree-Fock (BHF) approach [15, 16, 17, 18] , relativistic Dirac-Brueckner-Hartree-Fock (DBHF) approach [19, 20, 21, 22, 23, 24, 25] , self-consistent Green's function approach [10, 26, 27, 28, 29] , and variational many-body approach [30, 31, 32, 33, 34] . In the effectivefield theory approach, an effective interaction is constructed based on the effective-field theory (EFT), leading to a systematic expansion of the EOS in powers of density (the Fermi momentum). The effective-field theory approach can be based on the density functional theory [35, 36] or on chiral perturbation theory [37, 38, 39, 40, 41, 42] . Since this approach can be linked to low energy QCD and its symmetry breaking, it has the advantage of small number of free parameters and a correspondingly higher predictive power. The phenomeno-logical approach is based on effective density-dependent nuclear forces or effective interaction Lagrangians. In these approaches, a number of parameters have to be adjusted to fit the properties of many nuclei. This type of models mainly includes the relativistic mean-field (RMF) theory [21, 43, 44, 45, 46, 47, 48, 49, 50] , relativistic and non-relativistic Hartree-Fock [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62] or Thomas-Fermi approximations [61, 63, 64] . These phenomenological approaches allow the most precise description for the properties of finite nuclei. Both the phenomenological and EFT approaches contain parameters that are fixed by nuclear properties around the saturation density and thus usually give excellent descriptions for the nuclear properties around or below the saturation density. Their predictions at the high density region are, however, probably unreliable. In addition, due to different approximations or techniques used in different microscopic many-body approaches, their predictions on the properties of nuclear matter could be very different even for the same bare nucleon-nucleon interaction [10, 65] . In particular, predictions on the properties of isospin asymmetric nuclear matter, especially the density dependence of the nuclear symmetry energy, are still significantly different for different many-body theory approaches.
Fortunately, heavy-ion reactions induced by radioactive beams provide a unique opportunity to investigate in terrestrial laboratories the EOS of asymmetric nuclear matter, particularly the density dependence of the nuclear symmetry energy. During the past decade, a large amount of theoretical and experimental efforts have been devoted to the study of the properties of isospin asymmetric nuclear matter via heavy-ion reactions [1, 2, 5, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104] . To extract information about the EOS of neutron-rich matter, especially the density dependence of the nuclear symmetry energy, from heavy-ion reactions induced by radioactive beams, one needs reliable theoretical tools. Transport models that include explicit isospin-dependent degrees of freedom are especially useful for understanding the role of isospin degree of freedom in the dynamics of central nuclear reactions induced by neutron nuclei at intermediate and high energies and in extracting information about the EOS of produced neutron-rich matter. During past two decades, significant progresses have been made in developing semi-classical transport models for nuclear reactions. These semi-classical models mainly include the following two types: the BoltzmannUehling-Ulenbeck (BUU) model [105] and the quantum molecular dynamical (QMD) model [106] . While it is important to develop practically implementable quantum transport theories, applications of the semi-classical transport models have enabled us to learn a great deal of interesting physics from heavy-ion reactions. In particular, with the development of the radioactive nuclear beam physics, some isospin-dependent transport models [66, 67, 68, 71, 72, 93, 96, 107] have been successfully developed in recent years to describe the nuclear reactions induced by neutron nuclei at intermediate and high energies.
In studying the properties of asymmetric nuclear matter from heavy-ion reactions induced by neutron-rich nuclei, a key task is to identify experimental observables that are sensitive to the density dependence of the nuclear symmetry energy, especially at high densities. Because of the fact that the symmetry potentials for neutrons and protons have opposite signs and that they are generally weaker than the nuclear isoscalar potential at same density, most observables proposed so far use differences or ratios of isospin multiplets of baryons, mirror nuclei and mesons, such as the neutron/proton ratio of nucleon emissions [68] , neutron-proton differential flow [82] , neutron-proton correlation function [85] , t/ 3 He [86, 96] , π − /π + [84, 94, 100, 101] , Σ − /Σ + [97] and K 0 /K + ratios [102] , etc.. In addition, in order to reduce the systematical errors, multiple probes taken from several reaction systems using different isotopes of the same element have also been proposed. These multiple probes mainly include double ratio or double differential flow.
Indeed, recent experimental and theoretical analysis of the isospin diffusion data from heavy-ion reactions has led to significant progress in determining the nuclear symmetry energy at subnormal densities [107, 108, 109] . Based on the same underlying Skyrme interactions as the ones constrained by the isospin diffusion data, the neutron-skin thickness in 208 Pb calculated within the Hartree-Fock approach is consistent with available experimental data [110, 111, 112] . This symmetry energy is also consistent with that from a relativistic mean-field model using an accurately calibrated parameter set that reproduces both the giant monopole resonance in 90 Zr and 208 Pb, and the isovector giant dipole resonance of 208 Pb [113] . It further agrees with the symmetry energy recently obtained from isoscaling analyses of isotope ratios in intermediate-energy heavy ion collisions [114] . These different studies have provided so far the best phenomenological constraints on the symmetry energy at sub-normal densities. Information on the symmetry energy at supra-normal densities, on the other hand, remains inclusive and more efforts are needed to investigate the supra-normal density behavior of the symmetry energy. Heavy-ion collisions induced by future high energy radioactive beams to be available at high energy radioactive beam facilities will provide a unique opportunity for determining the symmetry energy at supranormal densities.
In the present paper, we review recent progress on the determination of the nuclear symmetry energy in heavyion reactions induced by neutron-rich nuclei. In particular, we review the exciting results on density dependence of the nuclear symmetry energy at subnormal densities determined from recent analysis of the isospin diffusion data in heavy-ion reactions. We also discuss the implications derived from this new information on nuclear effective interactions and the neutron skin thickness of heavy nuclei. In addition, we review theoretical progress in studying the behavior of nuclear symmetry energy at high density from heavy-ion reactions induced by high energy radioactive beams.
The paper is organized as follows. In Section II, we give a brief introduction to the nuclear symmetry energy. We then describe in Section III the IBUU04 hadron transport model for nuclear reactions induced by radioactive beams at intermediate energies. In Section IV, we present the results from the IBUU04 model analysis of the isospin diffusion data in heavy-ion reactions and discuss the stringent constraint they have imposed on the nuclear symmetry energy around the nuclear matter saturation density. Based on the constrained symmetry energy from the isospin diffusion data, we discuss in Section V the implications of the isospin diffusion data on nuclear effective interactions and the neutron skin thickness of heavy nuclei. In Section VI, we review theoretical progress on studying the behavior of the nuclear symmetry energy at high density in heavy-ion reactions induced by high energy radioactive beams. Finally, a summary is given in Section VII.
II. THE NUCLEAR SYMMETRY ENERGY
In the parabolic approximation that has been verified by all many-body theories to date, the EOS of isospin asymmetric nuclear matter can be written as
where ρ = ρ n + ρ p is the baryon density with ρ n and ρ p denoting the neutron and proton densities, respectively; δ = (ρ n −ρ p )/(ρ p +ρ n ) is the isospin asymmetry; E(ρ, δ = 0) is the energy per nucleon in symmetric nuclear matter, and
is the nuclear symmetry energy. In Eq. (1), there are no odd-order δ terms due to the exchange symmetry of the proton and neutron in the nuclear matter (the charge symmetry of nuclear forces). Higher-order terms in δ are negligible. For example, the magnitude of the δ 4 term at ρ 0 has been estimated to be less than 1 MeV [14, 15, 31] . As a good approximation, the density dependent symmetry energy E sym (ρ) can thus be extracted from E sym (ρ) ≈ E(ρ, δ = 1) − E(ρ, δ = 0) which implies that the symmetry energy E sym (ρ) is the energy cost to convert all protons in a symmetric nuclear matter to neutrons at the fixed density ρ. Around the nuclear matter saturation density ρ 0 , the nuclear symmetry energy E sym (ρ) can be further expanded to second-order as
where L and K sym are the slope and curvature parameters of the nuclear symmetry energy at ρ 0 , i.e.,
The L and K sym characterize the density dependence of the nuclear symmetry energy around normal nuclear matter density, and thus provide important information on properties of the nuclear symmetry energy at both high and low densities. At the nuclear matter saturation density ρ 0 and around δ = 0, the isobaric incompressibility of asymmetric nuclear matter can be further expressed as [56, 115] 
where K 0 is the incompressibility of symmetric nuclear matter at the nuclear matter saturation density ρ 0 and the isospin-dependent part K asy ≈ K sym − 6L [79] characterizes the density dependence of the nuclear symmetry energy. In principle, the information on K asy can be extracted experimentally by measuring the GMR of neutron-rich nuclei and a constraint of −566 ± 1350 < K asy < 139 ± 1617 MeV has been extracted earlier from a systematic study on the GMR of finite nuclei depending on the mass region of nuclei and the number of parameters used in parameterizing the incompressibility of finite nuclei [11] . The large uncertainties in the extracted K asy thus does not allow us to distinguish the different nuclear symmetry energies in theoretical models.
Information about the nuclear symmetry energy is important not only for nuclear physics, but also for a number of important issues in astrophysics. For example, the prompt shock invoked to understand the explosion mechanism of a type II supernova requires a relatively soft EOS [116] , which can be understood in terms of the dependence of the nuclear incompressibility on isospin. In the model for prompt explosion [117] , the electroncapture reaction drives the star in the latest stage of collapse to an equilibrium state where the proton concentration is about 1/3, which, according to microscopic manybody calculations, reduces the nuclear matter incompressibility by about 30% compared to that for symmetric nuclear matter. Moreover, the magnitude of proton concentration at β equilibrium in a neutron star is almost entirely determined by the symmetry energy. The proton fraction affects not only the stiffness of the EOS but also the cooling mechanisms of neutron stars [118, 119] and the possibility of kaon condensation (e − → K − ν e ) in dense stellar matter [120] . If the proton concentration is larger than a critical value of about 15%, the direct URCA process (n → p + e − +ν e , p + e − → n + ν e ) becomes possible, and would then enhance the emission of neutrinos, making it a more important process in the cooling of a neutron star [118] .
Unfortunately, the density dependence of E sym (ρ), especially its high density behavior, is poorly known and is regarded as the most uncertain among all properties of an isospin asymmetric nuclear matter. Even around the saturation density, values of the parameters L, K sym , and K asy are still very uncertain with different theoretical models giving very different predictions. This can be seen in Fig. 1 where we show the density dependence of the nuclear symmetry energy from some of the most widely used microscopic many-body theories [10] . One sees that the theoretical predictions diverge widely at both low and high densities. In fact, even the sign of the symmetry energy above 3ρ 0 is uncertain [9] . The theoretical uncertainties are largely due to a lack of knowledge about the isospin dependence of nuclear effective interactions and the limitations in the techniques in solving the nuclear many-body problem.
As mentioned in the Introduction, heavy-ion reactions, especially those induced by radioactive beams, provide a unique opportunity to pin down the density dependence of nuclear symmetry energy in terrestrial laboratories. Indeed, significant progress has been made recently both experimentally and theoretically in determining the symmetry energy at subnormal densities. At subnormal densities, a density-dependent symmetry energy of E sym (ρ) ≈ 31.6(ρ/ρ 0 ) 0.69 has been found to best reproduce both the isospin diffusion [107, 108, 109, 110, 112] and isoscaling [114] data in heavy-ion collisions as well as the presently acceptable neutron-skin thickness in 208 Pb [110, 111, 112] . Together, these results represent the best phenomenological constraints available so far on the symmetry energy at sub-normal densities. Although the high density behavior of the symmetry energy remain largely undetermined, future high energy radioactive beams to be available at high energy radioactive beam facilities will allow us to determine the symmetry energy at supranormal densities.
III. IBUU TRANSPORT MODEL FOR NUCLEAR REACTIONS INDUCED BY RADIOACTIVE BEAMS
Transport models are useful theoretical tools not only for studying the reaction mechanisms but also for extracting information on the properties of produced hot dense matter in heavy ion collisions. For nuclear reactions induced by radioactive beams, comparing experimental data with transport model calculations allows us to extract the information about the EOS of neutron-rich matter. The IBUU model, which has been very useful in understanding a number of new phenomena associated with the isospin degree of freedom in heavy-ion reactions, is an isospin-and momentum-dependent transport model that is based on the Boltzmann-Uhling-Uhlenbeck equation and is applicable for heavy-ion reactions induced by both stable and radioactive beams [90] .
In the IBUU model, besides nucleons, ∆ and N * resonances as well as pions and their isospin-dependent dynamics are included. The initial neutron and proton density distributions of projectile and target nuclei are obtained from the Relativistic Mean-field model or the Skyrme-Hartree-Fock model. It has the option of using either the experimental free-space nucleon-nucleon (NN) scattering cross sections or the in-medium NN cross sections. For NN inelastic collisions, the experimental freespace cross sections are used as their in-medium cross sections are still very much controversial. The total and differential cross sections for all other particles are taken either from experimental data or obtained by using the detailed-balance formula. Time dependence of the isospin-dependent phase-space distribution functions of involved particles are solved numerically using the testparticle method. In treating NN scattering, the isospin dependent Pauli blocking factors for fermions is also included.
In the following, we outline the two major ingredients, i.e., the single-nucleon potential and the NN cross sections, of the version IBUU04 of the isospin-and momentum-dependent IBUU transport model for nuclear reactions induced by radioactive beams [90] . Other details, such as the initialization of the phase space distributions of colliding nuclei, the Pauli blocking, etc. can be found in Refs. [1, 2, 68, 90, 107] .
A. Single-nucleon potential
One of the most important inputs to all transport models is the single-nucleon potential. Both the isovector (symmetry potential) and isoscalar parts of this potential should be momentum-dependent due to the non-locality of strong interactions and the Pauli exchange effects in many-fermion systems. In the IBUU04, we use a singlenucleon potential derived from the Hartree-Fock approximation based on a modified Gogny effective interaction (MDI) [121] , i.e.,
In the above τ = 1/2 (−1/2) for neutrons (protons) and τ = τ ′ ; σ = 4/3; f τ ( r, p) is the phase space distribution function at coordinate r and momentum p. The parameters A u (x), A l (x), B, C τ,τ , C τ,τ ′ and Λ were obtained by fitting the momentum dependence of U (ρ, δ, p, τ, x) to that predicted by the Gogny Hartree-Fock and/or the Brueckner-Hartree-Fock calculations, the saturation properties of symmetric nuclear matter, and the symmetry energy of 31.6 MeV at normal nuclear matter density ρ 0 = 0.16 fm −3 [121] . The incompressibility K 0 of symmetric nuclear matter at ρ 0 is set to be 211 MeV. The parameters A u (x) and A l (x), given by
depend on the parameter x that can be adjusted to mimic the predicted E sym (ρ) from microscopic and/or phenomenological many-body theories. The last two terms in Eq. (7) contain the momentum-dependence of the single-particle potential. The momentum dependence of the symmetry potential stems from the different interaction strength parameters C τ,τ ′ and C τ,τ for a nucleon of isospin τ interacting, respectively, with unlike and like nucleons in the background fields. More specifically, we use C τ,τ ′ = −103.4 MeV and C τ,τ = −11.7 MeV. With these parameters, the isoscalar potential estimated from (U neutron +U proton )/2 agrees reasonably well with predictions from the variational many-body theory [122] , the more advanced BHF approach [123] including three-body forces, and the Dirac-Brueckner-Hartree-Fock (DBHF) calculations [25] in a broad range of density and momentum. As an example, we show in Fig. 2 the density dependence of the symmetry energy for x = −2, −1, 0 and 1. It is seen that the symmetry energy becomes softer with increasing value of the parameter x.
The interaction part of nuclear symmetry energy can be parameterized by
with F (x) and G(x) given in Table I for x = 1, 0, −1 and −2. Also shown in Table I are other properties of the symmetry energy, including its slope parameter L and curvature parameter K sym at ρ 0 , as well as the isospindependent part K asy of the isobaric incompressibility of asymmetric nuclear matter. It is seen that the stiffness of the symmetry energy increases with decreasing x values. What is particularly interesting and important for nuclear reactions induced by neutron-rich nuclei is the isovector (symmetry) potential. The strength of this potential can be estimated very accurately from (U neutron − U proton )/2δ [90] . In Fig. 3 , the strength of the symmetry potential for four x parameters is displayed as a function of momentum and density. Here we have only plotted the symmetry potential at sub-saturation densities most relevant to heavy-ion reactions studies at intermediate energies. The momentum dependence of the symmetry potential is seen to be the same for all values of x as the parameter x appears by construction only in the density-dependent part of the single-nucleon potential given by Eq. (7) . Systematic analysis of a large number of nucleon-nucleus scattering experiments and (p,n) charge exchange reactions at beam energies below about 100 MeV has shown that the data can be well described by the parametrization U Lane = a − bE kin with a ≃ 22 − 34 MeV and b ≃ 0.1 − 0.2 [124, 125, 126, 127] . Although the uncertainties in both parameters a and b are large, the symmetry potential at ρ 0 , i.e., the Lane potential, clearly decreases approximately linearly with increasing beam energy E kin . This provides a stringent constraint on the symmetry potential. The potential in Eq. (7) at ρ 0 satisfies this requirement very well as seen in Fig. 3 . This can be more clearly seen from the solid line in Fig. 4 which gives the kinetic energy dependence of (U neutron − U proton )/2δ at normal nuclear saturation density given by the MDI interaction with x = 0. Also shown in this figure are the predicted kinetic energy dependence of the symmetry potential from the MDI interaction with x = 0 for densities away from normal nuclear density, which are presently not known empirically. Experimental determination of both the density and momentum dependence of the symmetry potential is thus of great interest, and heavy-ion reactions with radioactive beams provides a unique tool to explore this information in terrestrial laboratories.
Although the effective mass of a nucleon in nuclear matter depends the density of nuclear matter as well as the momentum of the nucleon [23, 128, 129] , the momentum dependence of the symmetry potential further leads to different effective masses for neutrons and protons in isospin asymmetric nuclear matter, i.e.,
When the effective mass is evaluated at the Fermi momentum p τ = p F (τ ), Eq. (10) yields the Landau mass which is related to the f 1 Landau parameter of a Fermi liquid [23, 128, 129] . A detailed discussion about different kinds of effective masses can be found in Ref. [128] . With the potential in Eq. (7), the nucleon effective masses are independent of the x parameter as the momentumdependent part of the nuclear potential is independent of the parameter x. Shown in Fig. 5 are the effective masses of neutrons and protons at their respective Fermi surfaces as functions of density (upper window) and isospin asymmetry (lower window) obtained from the MDI interaction. It is seen that the effective mass of neutrons is larger than that of protons and the splitting between them in- creases with both the density and isospin asymmetry of the medium. Although the momentum dependence of the symmetry potential and the associated splitting between the neutron and proton effective masses are still highly controversial among different approaches and/or using different nuclear effective interactions [93, 130, 131] , the results presented here are consistent with the predictions from all non-relativistic microscopic models, see, e.g., [17, 123, 132] , and the non-relativistic limit of microscopic relativistic many-body theories, see, e.g., [23, 24, 25] . Recent transport model studies have indicated that the neutron/proton ratio at high transverse momenta and/or rapidities is a potentially useful probe of the splitting between the neutron and proton effective masses in neutron-rich matter [5, 90] . The effect due to the momentum dependence of nuclear mean-field potential can be studied by comparing its predictions with those obtained using the momentumindependent nucleon potential
(ρ, δ, τ ) with the isoscalar part U 0 (ρ) taken from the original momentum-independent soft nuclear potential with K 0 = 200 MeV (SBKD) introduced by Bertsch, Kruse and Das Gupta [133] , i.e.,
For the momentum-independent symmetry potential U
MDI(x) sym
(ρ, δ, τ ), it can be obtained from U
(ρ, δ, τ ) = ∂W sym /∂ρ τ using the isospindependent part of the potential energy density
is given by Eq. (9) from the MDI interaction. Therefore, the momentum-independent SBKD potential that has K 0 = 200 MeV [133] and exactly the same E sym (ρ) as the MDI interaction is
B. In-medium nucleon-nucleon cross sections
Another important quantity in the IBUU model is the in-medium NN cross sections. While much attention has been given to finding experimental observables that can constrain the symmetry energy, little effort has been made so far to study the NN cross sections in isospin asymmetric nuclear matter. Most of existing works on in-medium NN cross sections have concentrated on their density dependence in isospin symmetric nuclear matter, see, e.g., [134, 135, 136, 137, 138, 139, 140, 141, 142, 143] . One simple model for NN in-medium cross sections is the effective mass scaling model [134, 135, 138] . In this model, while both the incoming current in the initial state and the level density of the final state in an NN scattering depend on the effective masses of colliding nucleons, the scattering matrix elements are assumed to be the same in free-space and in the medium. As a re-sult, the ratio of the NN cross section in nuclear medium σ medium N N to that in free-space value σ free N N is simply given by
where µ N N and µ * N N are the reduced masses of scattering nucleon pairs in free-space and in the medium, respectively. Since the nucleon mass becomes smaller in nuclear medium, the in-medium NN cross section is smaller than its value in free space. The relation given in Eq. (13) was recently found to be consistent with calculations based on the DBHF theory [144] for nucleon pairs with relative momenta less than about 240 MeV/c and in nuclear matter with densities less than about 2ρ 0 . This finding thus lends a strong support to the effective mass scaling model of in-medium NN cross sections in this limited density and momentum ranges. We have thus extended this model to determine the in-medium NN cross sections in the asymmetric nuclear matter produced in nuclear reactions induced by radioactive beams. For nucleon-nucleon scatterings at higher energies, inelastic reaction channels become important. Although there were some studies on in-medium effects in these channels [145, 146, 147] , the experimental free-space cross sections are used in the IBUU model as the model is mainly for heavy ion collisions at intermediate energies where NN inelastic scatterings are less important than elastic scatterings.
While the effective masses and the in-medium NN cross sections have to be calculated dynamically in the evolving environment created during heavy-ion reactions, it is instructive to examine the in-medium NN cross sections in isospin asymmetric nuclear matter at zero temperature. In this situation, the integrals in Eq. (7) can be analytically carried out. Specifically, it is given by [121, 148] ,
The reduction factor R medium for in-medium NN cross sections can thus also be obtained analytically, albeit lengthy.
As an illustration, we show in Fig. 6 the reduction factor R medium for a simplified case of two colliding nucleons having the same momentum p. The R medium factor is examined as a function of density (top panel), isospin asymmetry (middle panel) and the momentum (bottom panel). It is interesting to note that not only in-medium NN cross sections are reduced compared with their freespace values but also the nn and pp cross sections become different while their free-space cross sections are the same. Moreover, the difference between the nn and pp scattering cross sections grows in more asymmetric matter. The larger in-medium cross sections for nn than for pp are completely due to the positive neutron-proton effective mass splitting with the effective interaction used. This feature may serve as a probe of the neutron-proton effective mass splitting in neutron-rich matter. We also note that in-medium NN cross sections are also independent of the parameter x as they are solely determined by the momentum dependence of the nuclear potential used in the model.
IV. CONSTRAINING THE SYMMETRY ENERGY AT SUB-NORMAL DENSITIES USING ISOSPIN DIFFUSION DATA
The IBUU model outlined above have been used to study many observables in heavy-ion reactions induced by both stable and radioactive beams. In this section, we illustrate one of its applications in extracting the density dependence of nuclear symmetry energy from the isospin diffusion data in heavy-ion collisions.
Isospin diffusion in heavy-ion collisions has been shown to depend sensitively on the density dependence of nuclear symmetry energy [91, 92, 149] .
Within a momentum-independent transport model, in which the nuclear potential depends only on local nuclear density, the isospin diffusion data from recent experiments at the NSCL/MSU (National Superconducting Cyclotron Laboratory at Michigan State University) was found to favor a quadratic density dependence for the interaction part of nuclear symmetry energy [108] . This conclusion has stimulated much interest because of its implications to nuclear many-body theories and nuclear astrophysics. However, the nuclear potential acting on a nucleon is known to depend also on its momentum. For nuclear isoscalar potential, its momentum dependence is well-known and is important in extracting information about the equation of state of symmetric nuclear matter [3, 138, 150, 151, 152, 153, 154, 155, 156] . The momentum dependence of the isovector (symmetry) potential [9, 121, 126, 157] has also been shown to be important for understanding a number of isospin related phenomena in heavy-ion reactions [89, 90, 93] . It is therefore necessary to include momentum dependence in both isoscalar and isovector potentials for studying the effect of nuclear symmetry energy on isospin diffusion.
Isospin diffusion in heavy ion collisions can in principle be studied by examining the average isospin asymmetry of the projectile-like residue in the final state. Since reactions at intermediate energies are complicated by preequilibrium particle emission and production of neutronrich fragments at mid-rapidity, differences of isospin diffusions in mixed and symmetric systems are usually used to minimize these effects [108] . To study isospin diffusion in 124 Sn + 112 Sn reactions at E = 50 MeV/nucleon and an impact parameter of b = 6 fm, we thus also consider the reaction systems 124 Sn + 124 S and 112 Sn + 112 Sn and at same energy and impact parameter as in Ref. [108] . The degree of isospin diffusion in the reaction 124 Sn + 112 Sn is then measured by [158] 
where X is the average isospin asymmetry δ of the 124 Sn-like residue defined as the composition of nucleons with local densities higher than ρ 0 /20 and velocities larger than 1/2 the beam velocity in the c.m. frame. A density cut of ρ 0 /8 is found to give almost same results. In ideal case, the value of R i ranges between 0.05 and 1 from complete mixing to full transparency.
A. Effects of momentum-dependent interactions on isospin diffusion
Effects of momentum-dependent interactions on dynamics of heavy-ion collisions can be seen from the time evolution of the density distribution [89] . In Fig. 7 , we show the density contour ρ(x, 0, z) in the reaction plane at different times for the reaction 124 Sn + 112 Sn at E/A = 50 MeV and b = 6 fm calculated with x = −1 using both the MDI and the soft Bertsch-Das Gupta-Kruse (SBKD) interactions. It should be noted that the former (MDI) interactions are momentum dependent for both isoscalar and isovector nuclear potentials while the latter (SBKD) interactions do not include any momentum dependence in either isoscalar or isovector nuclear potentials though both interactions have similar incompressibility K 0 and the same density dependence in the symmetry energy. The experimental free space N -N cross sections are used in these calculations. It is seen that both interactions give similar time evolution of the collisions dynamics, namely, projectile-like and target-like residues can be clearly separated after about 100 fm/c. Detailed examinations indicate, however, that the reaction system expands more quickly and there are also more emitted nucleons in the case of the momentumdependent MDI interaction than that of the momentumindependent SBKD interaction.
In Fig. 8 , we show the measured R i together with the predictions from the IBUU04 for the time evolution of both R i and the average central densities calculated with x = −1 using both the MDI and the soft SBKD interactions. It is seen that isospin diffusion occurs mainly from about 30 fm/c to 80 fm/c when average central density decreases from about 1.2ρ 0 to 0.3ρ 0 . However, the value of R i still changes slightly with time until after about 120 fm/c when projectile-like and target-like residues are well separated as shown in Fig. 7 . This is partly due to the fact that the isovector potential remains appreciable at low density as shown in Fig. 9 , where the symmetry potential (U n − U p )/2δ is shown as a function of nucleon momentum (panel (a)) or density (panel (b)) for the MDI interaction and as a function of density for the SBKD interaction (panel (c)). Also, evaluating isospin diffusion R i based on three reaction systems, which have different time evolutions for the projectile residue as a result of different total energies and numbers of nucleons, further contributes to the change of R i at low density. For the two interactions consider here, the main difference between the values for R i appears in the expansion phase when densities in the participant region are well below ρ 0 . The experimental data from MSU are seen to be reproduced nicely by the MDI interaction with x = −1, while the SBKD interaction with x = −1 leads to a significantly lower value for R i as the strength of the momentum-independent symmetry potential is stronger (see Fig. 9 ), which has been shown to enhance the isospin diffusion [92, 108, 149] .
Effects of the symmetry energy on isospin diffusion were also studied by varying the parameter x [109] . Shown in Fig. 10 is the final saturated value for 1 − R i , which measures the degree of isospin diffusion, as a function of K asy for both MDI and SBKD interactions. It is obtained by averaging the value of 1 − R i after 120 fm/c with error bars corresponding to its dispersion, whose magnitude is similar to the error band shown in Ref. [108] for the theoretical results from the momentumindependent BUU model. For the SBKD interaction without momentum dependence, the isospin diffusion decreases monotonically (i.e., increasing value for R i ) with increasing strength of K asy as the corresponding isovector potential is mostly positive and decreases with increasing stiffness of E sym (ρ) in the whole range of considered x parameter. The isospin diffusion is reduced when the momentum-dependent interaction MDI is used as the momentum dependence weakens the strength of symmetry potential except for x = −2. As seen in Fig. 9 , the symmetry potential in the MDI interaction has the smallest strength for x = −1 as it is close to zero at k ≈ 1.5 fm −1 and ρ/ρ 0 ≈ 0.5, and increases again with further hardening of the symmetry energy, e.g., x = −2, when it becomes largely negative at all momenta and densities. The MDI interaction with x = −1 thus gives the smallest degree of isospin diffusion among the interactions considered here and reproduces the MSU data as already shown in Fig. 8 .
The symmetry energy in the MDI interaction with x = −1 can be parameterized as E sym (ρ) ≈ 31.6(ρ/ρ 0 ) 1.05 . It leads to a value of K asy ≈ −550 MeV for the isospin dependent part of the isobaric incompressibility of asymmetric nuclear matter, which should be compared to the published constraint of −566 ± 1350 < K asy < 139 ± 1617 MeV extracted earlier from studying giant monopole resonances [11] . 
B. Effects of in-medium NN cross sections on isospin diffusion
The isospin degree of freedom plays an important role in heavy-ion collisions through both the nuclear EOS and the nucleon-nucleon (NN) scatterings [1, 2] . In particular, the transport of isospin asymmetry between two colliding nuclei is expected to depend on not only the symmetry potential through the density dependence of the symmetry energy E sym (ρ) but also the in-medium NN cross sections. The two are related, respectively, to the long-range and the short-range parts of the isospindependent in-medium nuclear effective interactions. For instance, the drifting contribution to the isospin transport in a nearly equilibrium system is proportional to the product of the mean relaxation time τ np and the isospin asymmetric force F np [91] . While F np is directly related to the gradient of the symmetry potential, τ np is inversely proportional to the neutron-proton (np) scattering cross section σ np [91] . Furthermore, the collisional contribution to the isospin transport in non-equilibrium system is generally expected to be proportional to the np scattering cross section. In the above study on isospin diffusion, the free-space NN cross sections were used. In this section, we review the effects of in-medium NN cross sections on the isospin diffusion in heavy ion collisions. Shown in Fig. 11 are the time evolution of R i recalculated using the in-medium NN cross sections and the MDI interaction with four x parameters. It is seen that the net isospin transport and the influence of the x parameter show up mainly in the expansion phase of the reaction after about 40 fm/c and become relatively stable after about 80 fm/c. In the late stage of the reaction, the values of R i from x = −1 and 0 come close to the experimental data from MSU, which is shown by the shaded band. For a more meaningful comparison with the experimental data, the time average of R i between t = 120 fm/c and 150 fm/c has been used as in Fig. 8 . Shown in Fig. 12 is a comparison of the averaged strength of isospin transport 1 − R i obtained with the free and inmedium NN cross sections, respectively, as a function of the asymmetric part of the isobaric incompressibility of nuclear matter at ρ 0 , i.e., K asy (ρ 0 ). The error bars were drawn to indicate fluctuations and were obtained from the dispersion in the time evolution of R i [109] . First, it is interesting to note that with the in-medium NN cross sections the strength of isospin transport 1−R i decreases monotonically with decreasing value of x. With the free-space NN cross sections, there appears, however, to be a minimum at around x = −1. Moreover, this minimum is the point closest to the experimental data. This allowed us to extract the value of K asy (ρ 0 ) = −550 ± 100 MeV. With the in-medium NN cross sections we can now further narrow down the K asy (ρ 0 ) to be about −500 ± 50 MeV. The latter is consistent with that extracted from studying the isospin dependence of giant resonances of 112 Sn to 124 Sn isotopes by Fujiwara et al at Osaka [159] . Also shown in the figure are the γ values used in fitting the symmetry energy with E sym (ρ) = 31.6(ρ/ρ 0 )
γ . The results with the in-medium NN cross sections constrain the γ parameter to be between 0.69 and 1.05. The lower value is close to what is extracted from studying giant resonances [160, 161] . The value of γ = 1.05 extracted earlier using the free-space NN cross sections sets an upper limit.
The difference in 1 − R i obtained with the free-space and the in-medium NN cross sections is small for x = 1 and x = 0, but becomes large for x = −1 and x = −2. The increasing effect of the in-medium NN cross sections with decreasing K asy (ρ 0 ) or x parameter can be understood from consideration of the contributions from the symmetry potential and the np scatterings. As we have mentioned above, both contributions to the isospin transport depend on the np scattering cross section σ np . While the collisional contribution is proportional to the np scattering cross section σ np , the mean-field contribution is proportional to the product of the isospin asymmetric force F np and the inverse of σ np . The overall effect of the in-medium NN cross sections on isospin transport is a result of a complicated combination of both the mean field and the NN scatterings. Generally speaking, the symmetry potential effects on the isospin transport will become weaker when the NN cross sections are larger while the symmetry potential effects will show up more clearly if smaller NN cross sections are used. This feature can be seen from Fig. 9 . For x = 1 and x = 0, the symmetry potential and its gradient with respect to density, as shown in Fig. 9 , are large at low densities where the majority of net isospin transport occurs. The F np factor makes the contribution due to the mean field to dominate over that due to the collisions. Therefore, the reduced in-medium σ np leads to about the same or a slightly higher isospin transport. As the x parameter decreases to x = −1 and x = −2, however, the symmetry potential decreases and its density gradient can be even negative at low densities. In these cases, either the collisional contribution dominates or the mean-field contribution becomes negative. Therefore, the reduced in-medium np scattering cross section σ np leads to a weaker isospin transport compared with the case with the free-space NN cross sections.
Based on an isospin-and momentum-dependent IBUU04 transport model with free-space experimental NN cross sections, comparing the theoretical results with the experimental data has allowed us to extract a nuclear symmetry energy of E sym (ρ) ≈ 31.6(ρ/ρ 0 )
1.05 . Including also medium-dependent NN cross sections, which are im- portant for isospin-dependent observables [107, 162] , the isospin diffusion data leads to an even softer nuclear symmetry energy of E sym (ρ) ≈ 31.6(ρ/ρ 0 ) γ with γ ≈ 0.69 [107] .
Since the slope parameter L of the nuclear symmetry energy gives an important constraint on the density dependence of the nuclear symmetry energy, in particular, it has been shown that the slope parameter L is related to the neutron skin thickness of heavy nuclei, it is interesting to see how the isospin diffusion data constrain the value of L. In Fig. 13 , we show the results from the IBUU04 transport model with in-medium NN cross sections, that are consistent with the mean-field potential obtained with the MDI interactions used in the model, for the degree of the isospin diffusion 1 − R i as a function of L. The shaded band in Fig. 13 indicates the data from NSCL/MSU [108] . It is seen that the strength of isospin diffusion 1 − R i decreases monotonically with decreasing value of x or increasing value of L. This is expected as the parameter L reflects the difference in the pressures on neutrons and protons. From comparison of the theoretical results with the data, we can clearly exclude the MDI interaction with x = 1 and x = −2 as they give either too large or too small a value for 1 − R i compared to that of data. The range of x or L values that give values of 1 − R i falling within the band of experimental values could in principle be determined in our model by detailed calculations. Instead, we determine this schematically by using the results from the four x values. For the centroid value of L, it is obtained from the interception of the line connecting the theoretical results at x = −1 and 0 with the central value of 1 − R i data in Fig. 13, i. e., L = 88 MeV. The upper limit of L = 113 MeV is estimated from the interception of the line connecting the upper error bars of the theoretical results at x = −1 and −2 with the lower limit of the data band of 1 − R i . Similarly, the lower limit of L = 65 MeV is estimated from the interception of the line connecting the lower error bars of the theoretical results at x = 0 and −1 with the upper limit of the data band of 1 − R i . This leads to an extracted value of L = 88 ± 25 MeV as shown by the solid square with error bar in Fig. 13 Information on the density dependence of the nuclear symmetry energy can in principle also be obtained from the thickness of the neutron skin in heavy nuclei as the latter is strongly correlated with the slope parameter L of the nuclear symmetry energy at saturation density [10, 163, 164, 165, 166, 167] . Because of the large uncertainties in measured neutron skin thickness of heavy nuclei, this has not been possible. Instead, studies have been carried out to use the extracted nuclear symmetry energy from the isospin diffusion data to constrain the neutron skin thickness of heavy nuclei [107, 110] . Using the Hartree-Fock approximation with parameters fitted to the phenomenological EOS that was used in the IBUU04 transport model to describe the isospin diffusion data from the NSCL/MSU, it was found that a neutron skin thickness of less than 0.15 fm [107, 110] for 208 Pb was incompatible with the isospin diffusion data.
In the following, we study more systematically the correlation between the density dependence of the nuclear symmetry energy and the thickness of the neutron skin in a number of nuclei within the framework of the Skyrme Hartree-Fock model. Using the extracted values of L from the isospin diffusion data in heavy-ion collisions, we obtain stringent constraints on the neutron skin thickness of the nuclei 208 Pb, 132 Sn, and 124 Sn. The extracted value of L also limits the allowed parameter sets for the Skyrme interaction.
A. Constraining the Skyrme effective interactions using isospin diffusion data
In the standard Skyrme Hartree-Fock model, the interaction is taken to have a zero-range, density-and momentum-dependent form [61, 168, 169, 170, 171] , i.e., with r = r 1 − r 2 and R = (r 1 + r 2 )/2. In the above, the relative momentum operators K = (∇ 1 − ∇ 2 )/2i and
act on the wave function on the right and left, respectively. The quantities P σ and σ i denote, respectively, the spin exchange operator and Pauli spin matrices. The σ, t 0 − t 3 , x 0 − x 3 , and W 0 are Skyrme interaction parameters that are chosen to fit the binding energies and charge radii of a large number of nuclei in the periodic table. For infinite nuclear matter, the symmetry energy from the Skyrme interaction can be expressed as [170, 171] 
The coefficient of the δ 4 term in Eq. (1) can also be obtained analytically and has been shown to be very small over a large range of nuclear density (≤ 0.80 fm −3 ) and isospin asymmetry. The parabolic law of Eq. (1) without the δ 4 and higher-order terms in δ is thus justified [170] . Fig. 14 displays the density dependence of E sym (ρ) for 21 sets of Skyrme interaction parameters, i.e., SKM , SKM * , RAT P , SI, SII, SIII, SIV , SV , SV I, E, E σ , G σ , R σ , Z, Z σ , Z * σ , T , T 3, SkX, SkXce, and SkXm. The values of the parameters in these Skyrme interactions can be found in Refs. [61, 168, 169] . For comparison, we also show in Fig. 14 results from the phenomenological MDI interactions with x = −1 (open squares) and 0 (solid squares). As we have discussed above, from com-paring the isospin diffusion data from NSCL/MSU using the IBUU04 with in-medium NN cross sections, these interactions are recently shown to give, respectively, the upper and lower bounds for the stiffness of the symmetry energy [107] . It is seen from Fig. 14 The extracted value of L = 88 ± 25 MeV gives a rather stringent constraint on the density dependence of the nuclear symmetry energy and thus puts strong constraints on the nuclear effective interactions as well. For the Skyrme effective interactions shown in Fig. 14 , for instance, all of those lie beyond x = 0 and x = −1 in the sub-saturation region are not consistent with the extracted value of L. Actually, we note that only 4 sets of Skyrme interactions, i.e., SIV, SV, G σ , and R σ , in the 21 sets of Skyrme interactions considered here have nuclear symmetry energies that are consistent with the extracted L value.
B. Constraining the neutron skin thickness of nuclei using isospin diffusion data
The neutron skin thickness S of a nucleus is defined as the difference between the root-mean-square radii r n of neutrons and r p of protons, i.e.,
It has been known that S is sensitive to the density dependence of the nuclear symmetry energy, particularly the slope parameter L at the normal nuclear matter density [10, 163, 164, 165, 166, 167] . Using above 21 sets of Skyrme interaction parameters, we have evaluated the neutron skin thickness of several nuclei. In Figs. 15(a) , (b) and (c), we show, respectively, the correlations between the neutron skin thickness of 208 Pb with L, K sym , and E sym (ρ 0 ). It is seen from Fig. 15(a) that there exists an approximate linear correlation between S and L. The correlations of S with K sym and E sym (ρ 0 ) are less strong and even exhibit some irregular behavior. The solid line in Fig. 15(a) is a linear fit to the correlation between S and L and is given by the following expression:
S(
208 Pb) = (0.1066 ± 0.0019)
or
where the units of L and S are MeV and fm, respectively. Therefore, if the value for either S( 208 Pb) or L is known, the value for the other can be determined. It is of interest to see if there are also correlations between the neutron skin thickness of other neutron-rich nuclei and the nuclear symmetry energy. Fig. 16 shows the same correlations as in Fig. 15 48 Ca, on the other hand, all the correlations become weaker than those of heavier nuclei. Therefore, the neutron skin thickness of heavy nuclei is better correlated with the density dependence of the nuclear symmetry energy. As in Eqs. (19) and (20), a linear fit to the correlation between S and L can also be obtained for 132 
Sn and
124 Sn, and the corresponding expressions are S( 132 Sn) = (0.1694 ± 0.0025)
and S( 124 Sn) = (0.1255 ± 0.0020)
Similar linear relations between S and L are also expected for other heavy nuclei. This is not surprising as detailed discussions in Refs. [10, 163, 164, 165, 166, 167] have shown that the thickness of the neutron skin in heavy nuclei is determined by the pressure difference between neutrons and protons, which is proportional to the parameter L.
To give a quantitative estimate of above discussed correlations, we define the following linear correlation coefficient C l : where
In the above, A and B are the linear regression coefficients, (x i , y i ) are the sample points, and n is the number of sample points. The linear correlation coefficient C l measures the degree of linear correlation, and C l = 1 corresponds to an ideal linear correlation. Sn. Therefore, the neutron skin thickness of these nuclei can be extracted once the slope parameter L of the nuclear symmetry energy at saturation density is known.
The extracted L value from isospin diffusion data allows us to determine from Eqs. (19) , (21) , and (23), respectively, a neutron skin thickness of 0.22 ± 0.04 fm for 208 Pb, 0.29 ± 0.04 fm for 132 Sn, and 0.22 ± 0.04 fm for 124 Sn. Experimentally, great efforts were devoted to measure the thickness of the neutron skin in heavy nuclei [172, 173] , and a recent review can be found in Ref. [174] . The data for the neutron skin thickness of 208 Pb indicate a large uncertainty, i.e., 0.1-0.28 fm. Our results for the neutron skin thickness of 208 Pb are thus consistent with present data but give a much stronger constraint. A large uncertainty is also found experimentally in the neutron skin thickness of 124 Sn, i.e., its value varies from 0.1 fm to 0.3 fm depending on the experimental method. The proposed experiment of parityviolating electron scattering from 208 Pb at the Jefferson Laboratory is expected to give another independent and more accurate measurement of its neutron skin thickness (within 0.05 fm), thus providing improved constraints on the density dependence of the nuclear symmetry energy [175, 176] .
Recently, an accurately calibrated relativistic parametrization based on the relativistic mean-field theory has been introduced to study the neutron skin thickness of finite nuclei [113] . This parametrization can describe simultaneously the ground state properties of finite nuclei and their monopole and dipole resonances. Using this parametrization, the authors predicted a neutron skin thickness of 0.21 fm in 208 Pb, 0.27 fm in 132 Sn, and 0.19 fm in 124 Sn [113, 160] . These predictions are in surprisingly good agreement with our results constrained by the isospin diffusion data in heavy-ion collisions.
In addition, the neutron skin thickness of the nucleus 90 Zr has recently been determined to be 0.07 ± 0.04 fm from the model-independent spin-dipole sum rule value measured from the charge-exchange spin-dipole excitations [177] . This value is reproduced by the symmetry energy with L = 88 ± 25 MeV extracted from the isospin diffusion data in heavy-ion collisions, which predicts a neutron skin thickness of 0.088 ± 0.04 fm for 90 Zr.
VI. PROBING THE HIGH DENSITY BEHAVIOR OF THE NUCLEAR SYMMETRY ENERGY IN HEAVY-ION REACTIONS INDUCED BY HIGH ENERGY RADIOACTIVE BEAMS
Although significant progress has been made in the determination of the density dependence of the nuclear symmetry energy at sub-normal densities, the high density behavior of the the nuclear symmetry energy is still poorly known. Fortunately, heavy-ion reactions, especially those induced by high energy radioactive beams to be available at high energy radioactive beam facilities, provide a unique opportunity to pin down the high density behavior of the symmetry energy. In this section, we illustrate via transport model simulations several experimental observables which are sensitive to the high density behavior of the symmetry energy.
A. Isospin asymmetry of dense matter formed in high energy heavy-ion reactions
To see the maximum baryon density and isospin asymmetry that can be achieved in central heavy ion colli- sions induced by high energy radioactive beams in future radioactive beam facilities, we show in Fig. 17 the central baryon density (upper window) and the average (n/p) ρ≥ρ0 ratio (lower window) of all regions with baryon densities higher than ρ 0 in the reaction of 132 Sn+ 124 Sn at a beam energy of 400 MeV/nucleon and an impact parameter of 1 fm. It is seen that the maximum baryon density is about 2 times normal nuclear matter density. Moreover, the compression is rather insensitive to the symmetry energy because the latter is relatively small compared to the EOS of symmetric matter around this density. The high density phase lasts for about 15 fm/c from 5 to 20 fm/c for this reaction. The isospin asymmetry of the high density region is, however, sensitive to the symmetry energy. The soft (e.g., x = 1) symmetry energy leads to a significantly higher value of (n/p) ρ≥ρ0 than the stiff one (e.g., x = −2). This is consistent with the well-known isospin fractionation phenomenon that it is energetically more favorable to have a higher isospin asymmetry δ in the high density region for a softer symmetry energy functional E sym (ρ) as a result of the E sym (ρ)δ 2 term in the EOS of asymmetric nuclear matter. Since the symmetry energy changes from being soft to stiff when the parameter x varies from 1 to −2, the value of (n/p) ρ≥ρ0 becomes lower in the supranormal density region as the parameter x changes from 1 to −2. Because of neutron-skins of the colliding nuclei, especially that of the projectile 132 Sn, the initial value of the quantity (n/p) ρ≥ρ0 , which is about 1.4, is less than the average n/p ratio of 1.56 of the reaction system. Also, in neutron-rich nuclei, the n/p ratio on the low-density surface is much higher than that in their interior. The dense matter region in heavy ion collisions can thus become either neutron-richer or neutron-poorer with respect to the initial state depending on the symmetry energy functional E sym (ρ) used.
B. Isospin fractionation and n-p differential flow
The degree of isospin equilibration or translucency in heavy ion collisions can be measured by the rapidity distribution of nucleon isospin asymmetry δ free ≡ (N n − N p )/(N n + N p ), where N n and N p are multiplicities of free neutrons and protons, respectively [90] .
Although it might be difficult to measure directly δ free because it requires the detection of neutrons, similar information can be extracted from ratios of light clusters, such as, t/ 3 He, as demonstrated recently within a coalescence model [86, 89] . Shown in Fig. 18 are rapidity distributions of δ free with (upper window) and without (lower window) the Coulomb potential. It is interesting to see that the δ free at midrapidity is particularly sensitive to the symmetry energy. As the parameter x increases from −2 to 1 the δ free at midrapidity decreases by about a factor of 2. Moreover, the forward-backward asymmetric rapidity distributions of δ free with all four x parameters indicates the apparent nuclear translucency during the reaction [95] . Another observable that is sensitive to the high density behavior of the symmetry energy is the neutron-proton differential flow first introduced in Ref. [82] 
where w i = 1(−1) for neutrons (protons) and N (y) is the total number of free nucleons at rapidity y. Since the differential flow depends on the symmetry potential through the latter's effects on the isospin fractionation and the collective flow, it has the advantage of maximizing the effects of the symmetry potential while minimizing those of the isoscalar potential. Shown in Fig. 19 is the n-p differential flow for the reaction of 132 Sn+ 124 Sn at a beam energy of 400 MeV/nucleon and an impact parameter of 5 fm. Effects of the symmetry energy are clearly revealed by changing the parameter x. 
C. Pion yields and π
At beam energy of about 400 MeV/nucleon, pion production becomes non-negligible and may also carry interesting information about the EOS of dense neutron-rich matter [94, 178] . In Fig. 20 , we show the π − and π + yields as functions of the x parameter in the MDI interaction. It is seen that when the x parameter is changed from -2 to 1, the π − multiplicity increases by about 20%, although the π + multiplicity remains about the same. The π − multiplicity is thus more sensitively to the symmetry energy than that of π + . Also, the multiplicity of π − is about 2 to 3 times that of π + . This is because π − mesons are mostly produced from neutron-neutron collisions, which are more frequent in collisions of neutronrich nuclei. Since the high density region is more neutron rich for the softer symmetry energy as a result of isospin fractionation [94] , the π − multiplicity is thus more sensitive to the isospin asymmetry of the reaction system and the symmetry energy. However, it is well known that the pion yield is also sensitive to the symmetric part of the nuclear EOS, and it is thus hard to extract reliable information about the symmetry energy from the π − yield alone. The π − /π + ratio is, on the other hand, a better probe as this ratio is sensitive only to the difference in the chemical potentials for neutrons and protons [179] . As well demonstrated in Fig. 21 , the π − /π + ratio is quite sensitive to the symmetry energy, especially at low transverse momenta, and can be used to probe the high density behavior of nuclear symmetry energy E sym (ρ).
FIG. 21: (Color online) The π
− /π + ratio as a function of transverse momentum. Taken from Ref. [94] .
D. Double n/p and π
Because of the facts that the symmetry potentials have opposite signs for neutrons and protons and are also generally smaller compared to the isoscalar potential at the same density, most observables proposed so far for studying the density dependence of the nuclear symmetry energy employ differences or ratios of isospin multiplets of baryons, mirror nuclei and mesons, such as, the neutron/proton ratio of emitted nucleons [68] , neutronproton differential flow [82] , neutron-proton correlation function [85] [102] , etc. Among these observables, the ratio of emitted neutrons to protons has probably the highest sensitivity to the symmetry energy as the symmetry potential acts directly on nucleons and emitted nucleons are also rather abundant in typical heavy-ion reactions. However, it is very challenging to measure some of these observables, especially those involving neutrons. The measurement of neutrons, particularly the low energy ones, always suffers from low detection efficiencies even for the most advanced neutron detectors. Therefore, observables involving neutrons normally have large systematic errors. Moreover, for essentially all of these observables, the Coulomb force on charged particles plays an important role and sometimes competes strongly with the symmetry potential. One has to disentangle carefully effects of the symmetry potential from those due to the Coulomb potential. It is thus very desirable to find experimental observables which can reduce the influence of both the Coulomb force and the systematic errors associated with neutrons. A possible candidate for such an observable is the double ratios of emitted neutrons and protons taken from two reaction systems using four isotopes of the same element, namely, the neutron/proton ratio in the neutronrich system over that in the more symmetric system, as recently proposed by Lynch et al. [180] . They have actually demonstrated the feasibility of measuring the double neutron/proton ratios in central reactions of 124 Sn+ 124 Sn and 112 Sn+ 112 Sn at a beam energy of 50 MeV/nucleon at the National Superconducting Cyclotron Laboratory [180] .
Both the double neutron/proton ratio and the double π − /π + ratio in 132 Sn+ 124 Sn and 112 Sn+ 112 Sn reactions at 400 MeV/nucleon have been studied in the IBUU model in order to demonstrate the effect of symmetry energy at high density. It was found that these ratios have about the same sensitivity to the density dependence of symmetry energy as the corresponding single ratio in the respective neutron-rich system involved. Given the advantages of measuring the double ratios over the single ones, the study of double ratios will be more useful for further constraining the symmetry energy of neutron-rich matter. Furthermore, the systematic errors associated with transport model calculations are mostly related to the uncertainties in the in-medium NN cross sections, techniques of treating collisions, sizes of the lattices in calculating the phase space distributions, techniques in handling the Pauli blocking, etc. Since the double ratio is a relative observable from two similar reaction systems, these systematic errors are expected to be reduced. In Fig. 22 , we show the double neutron/proton ratios from the reactions of 132 Sn+ 124 Sn and 112 Sn+ 112 Sn at a beam energy of 400 MeV/nucleon and an impact parameter of 1 fm (left window) and 5 fm (right window) predicted by the IBUU model using the MDI interaction with x = 0 and x = −1, which are consistent with the symmetry energy used for sub-saturation densities. At both impact parameters, effects of the symmetry energy are about 5%−10% changing from the case with x = 0 to x = −1. One notices here that the low energy nucleons have the largest sensitivity to the variation of the symmetry energy for such high energy heavy-ion collisions. In fact, the neutron/proton ratio of midrapidity nucleons which have gone through the high density phase of the reaction are known to be most sensitive to the symmetry energy [95] . Compared to the results at the beam energy of 50 MeV/nucleon [95] , it is interesting to see a clear turnover in the dependence of the double neutron/proton ratio on the x parameter, namely the double ratio is lower at 50 MeV/nucleon but higher at 400 MeV/nucleon with x = −1 than that with x = 0. The maximum density reached at the beam energy of 50 and 400 MeV/nucleon is about 1.2ρ 0 and 2ρ 0 [95] , respectively. The turnover clearly indicates that the double neutron/proton ratio reflects closely the density dependence of the symmetry energy as shown in Fig. 2 . This observation also indicates that systematic studies of the double neutron/proton ratio over a broad beam energy range will be important for mapping out the density dependence of the symmetry energy.
As shown before from both the total yields and the mo- mentum spectra, the π − /π + ratio is a promising probe of the symmetry energy at high densities [84, 94, 97, 100, 101] . In Fig. 23 , we show again the kinetic energy distribution of the single π − /π + ratio for the reactions of 132 Sn+ 124 Sn and 112 Sn+ 112 Sn at a beam energy of 400 MeV/nucleon and an impact parameter of b = 1 fm with the stiff (x = −1) or soft (x = 0) symmetry energy, obtained with 12000 IBUU events for each reaction. It is seen that the overall magnitude of π − /π + ratio is larger for the neutron-rich system 132 Sn+ 124 Sn than for the neutron-deficient system 112 Sn+ 112 Sn as expected. Also, the soft symmetry energy (x = 0) leads to a larger single π − /π + ratio than the stiff one (x = −1). This is mainly because the high density region where most pions are produced are more neutron-rich with the softer symmetry energy as a result of the isospin fractionation [84, 94] . Furthermore, the single π − /π + ratio is more sensitive to the symmetry energy in the reaction 132 Sn+ 124 Sn than in the reaction 112 Sn+ 112 Sn as a result of the larger isospin asymmetry in the more neutron-rich system. Fig. 23 shows that the single π − /π + ratio exhibits a peak at a pion kinetic energy of about 45 MeV in all cases considered here. The origin of this peak can be understood from the single π − /π + ratios in both reactions from turning off the Coulomb potentials for all charged particles. As an example, shown in Fig.  23 with the dash-dotted line is the single π − /π + ratio obtained by turning off the Coulomb potentials in the 132 Sn+ 124 Sn reaction. It is seen that the single π − /π + ratio now becomes approximately a constant of about 2.4. This value agrees with the predicted value of (5N
43, where N and Z are the total neutron and proton numbers in the participant region, from the ∆ resonance model [181] for central 132 Sn+ 124 Sn collisions. This is not surprising as at 400 MeV/nucleon, pions are almost exclusively produced via the ∆ resonances [182] . Comparison of calculated results with and without the Coulomb potentials thus indicates clearly that the peak observed in the single π − /π + ratio is due to the Coulomb effects. Although the Coulomb potential distorts the spectra of pions, the effect of symmetry potential is still seen in the resulting π − /π + , particularly near its peak value where pions have relatively low kinetic energies. These pions are produced in the high density nucleonic matter (about 2ρ 0 ) through the ∆ resonances and experience many rescatterings with nucleons at both high and low densities as well as the Coulomb potential from protons at different densities. Since the soft (x = 0) and stiff (x = −1) symmetry energies have slight difference at low densities and the large difference appears at high densities (about 2ρ 0 ) as shown in Fig. 2 , the observed symmetry energy effects on the energy dependence of the π − /π + ratio thus mainly reflect (though not completely) information on the high density behavior of the symmetry energy [101] . In order to reduce the systematic errors related to the symmetry energy effect on the π − /π + ratio, it is more useful to study the double π − /π + ratio in the reactions of 132 Sn+ 124 Sn and 112 Sn+ 112 Sn as for the double proton/neutron ratio. Fig. 24 shows the double π − /π + ratio for these two reactions. It is seen that the kinetic energy dependence of the double π − /π + ratio is rather differ-ent for the stiff (x = −1) and soft (x = 0) symmetry energies. While the double π − /π + ratio is quite flat for x = 0, it displays a concave structure for x = −1 around the Coulomb peak. These different behaviors can be understood from the corresponding single π − /π + ratios in the two reactions shown in Fig. 23 . It is reassuring to see that around the Coulomb peak the double π − /π + ratio is still sensitive to the symmetry energy. Compared with the single π − /π + ratio, the kinetic energy dependence of the double π − /π + ratio becomes, however, weaker. This is because effects of the Coulomb potentials are reduced in the double π − /π + ratio. We note that the double π − /π + ratio displays an opposite symmetry energy dependence compared with the double n/p ratio for free nucleons shown in Fig. 22 . This is understandable since the soft symmetry energy leads to a more neutron-rich dense matter in heavy-ion collisions induced by neutronrich nuclei and thus a smaller n/p ratio for free nucleons due to the charge conservation. On the other hand, more π − 's would be produced due to more neutron-neutron inelastic scatterings in the more neutron-rich matter.
E. Double neutron-proton differential transverse flow
The neutron-proton differential transverse flow defined in Eq. (28) can be further expressed as [82, 84, 94 ]
where N (y), N n (y) and N p (y) are the numbers of free nucleons, neutrons, and protons, respectively, at rapidity y; p x i (y) is the transverse momentum of a free nucleon at rapidity y; w i = 1 (−1) for neutrons (protons); and p x n (y) and p x p (y) are, respectively, the average transverse momenta of neutrons and protons at rapidity y. Eq. (29) shows that the neutron-proton differential transverse flow depends not only on the proton and neutron transverse momenta but also on their relative multiplicities, i.e., the isospin fractionation. This can be more clearly seen from the following two special cases. If neutrons and protons have the same average transverse momentum in the reaction plane but different multiplicities in each rapidity bin, i.e., p 
reflecting the effects of isospin fractionation. On the other hand, if neutrons and protons have the same multiplicity but different average transverse momenta, i.e., N n (y) = N p (y) but p 
and reflects directly the difference between the neutron and proton transverse flows. Since a stiffer symmetry potential is expected to lead to a higher isospin fractionation and also a larger transverse flow for neutrons than for protons in heavy-ion collisions at higher energies, the neutron-proton differential flow is thus a measure of these two combined effects of the symmetry potentials on neutrons and protons [183, 184] . Fig. 25 are the rapidity distributions of the isospin asymmetry of free nucleons (upper panels), the difference of the average nucleon transverse flows (middle panels) and the neutron-proton differential transverse flow (lower panels) from the 132 Sn+ 124 Sn reaction at incident beam energies of 400 and 800 MeV/nucleon and an impact parameter of b = 5 fm with the two symmetry energies of x = 0 and x = −1. It is seen that the stiffer symmetry energy (x = −1) leads to a larger isospin asymmetry of free nucleons (stronger isospin fractionation) (upper panels) than the softer symmetry energy (x = 0). As a result, the neutron-proton differential transverse flow from the stiff symmetry energy (x = −1) (bottom panels) is much larger than that from the soft symmetry energy (x = 0) compared to the difference between the average neutron and proton transverse flows obtained from the two symmetry energies (middle panels). Also, the negative (positive) values of the neutron and proton average transverse flow F x n − F x p at forward (backward) rapidities as a result of the Coulomb potential effect on protons is reversed for the neutron-proton differential flow F x n−p (y) after taking into account the effect due to isospin fractionation.
Shown in
From panels (c) and (f) of Fig. 25 , it is seen that the slope of the neutron-proton differential transverse flow around the mid-rapidity obtained from the same symmetry energy is larger for the higher incident beam energy. This is mainly because a denser nuclear matter is formed at higher incident beam energy, leading to a stronger symmetry potential and thus higher transverse momenta for neutrons compared to protons. Although the net effect of the symmetry potential on the neutronproton differential transverse flow at 800 MeV/nucleon is not much larger than that at 400 MeV/nucleon, its magnitude is much larger and is thus easier to be measured experimentally. The systematic errors in the neutron-proton differential flow can be reduced by studying its values in two similar reaction systems. Besides the 132 Sn+ 124 Sn reaction involving neutron-rich nuclei, one can consider another less neutron-rich reaction system 112 Sn+ 112 Sn. the semi-central reactions of Sn+Sn isotopes. At both incident beam energies of 400 and 800 MeV/nucleon, the double neutron-proton differential transverse flow around mid-rapidity is essentially zero for the soft symmetry energy of x = 0. It displays, however, a finite slope with respect to the rapidity for the stiffer symmetry energy of x = −1. Moreover, the double neutron-proton differential transverse flow at the higher incident energy exhibits a stronger symmetry energy effect as expected.
Since the double neutron-proton differential transverse flow retains about the same symmetry energy effect as the 132 Sn+ 124 Sn reaction, it is less sensitive to the systematic uncertainties in experiments [158] .
Also, the Coulomb effect, which competes strongly with the symmetry potentials, is less important in the double neutron-proton differential transverse flow than in the neutron-proton differential transverse flow. This can be seen in Fig. 28 symmetry energy of x = 0 for the two cases of with and without the Coulomb potential. From the upper two panels of Fig. 28 , one sees that the Coulomb effect reduces the strength of the neutron-proton differential transverse flow as it makes more protons unbound and to have large transverse momenta in the reaction-plane. The Coulomb effect is, however, largely reduced in the double neutronproton differential transverse flow shown in the bottom panel of Fig. 28 .
F. The n/p ratio of squeezed-out nucleons
It is well known that in noncentral heavy-ion collisions nucleons in the participant region is squeezed out of the reaction plane as a result of the large density gradient in this direction and the absence of spectator nucleons to block their emissions. These nucleons can thus carry direct information about the high density phase of the reaction and have been widely used in probing the EOS of dense matter, particularly that of the symmetric nuclear matter, see, e.g., Refs. [3, 105, 106, 185, 186, 187] for a review. The possibility of using the squeezed out nucleons to study the high density behavior of the nuclear symmetry energy has been studied recently using the IBUU04 model [104] . Shown in Fig. 29 are the azimuthal distributions of free nucleons in the midrapidity region (|(y/y beam ) c.m. | < 0.5) of the reaction 132 Sn+ 124 Sn at an incident beam energy of 400 MeV/nucleon and an impact parameter of b = 5 fm, predicted by the IBUU model using the MDI interactions with x = 0 and −1. A preferential emission of nucleons perpendicular to the reaction plane is clearly observed for both neutrons and protons. The sensitivity to the nuclear symmetry energy is mainly seen in the squeezed-out neutrons, which experience a stronger repulsive symmetry potential for a stiff (x = −1) than for a soft (x = 0) nuclear symmetry energy in the neutron-rich matter, in addition to the strong nuclear isoscalar potential. For protons, their azimuthal distributions is less sensitive to the stiffness of the nuclear symmetry energy. This is due to the additional repulsive Coulomb potential which works against the attractive symmetry potential experienced by protons in the neutron-rich matter. Although it is not easy to measure neutrons in experiments, both the transverse flow and squeeze-out of neutrons together with other charged particles were measured at both the BEVALAC [189] and SIS/GSI [190, 191, 192] . These experiments and the associated theoretical calculations, see, e.g., Refs. [193, 194] , have, however, all focused on extracting information about the EOS of symmetric nuclear matter without paying much attention to the effects due to the nuclear symmetry energy. • < φ < 100
• and 260 • < φ < 280
• , which corresponds to squeezed-out nucleons emitted in the direction perpendicular to the reaction plane. Taken from Ref. [104] .
To reduce the effect due to uncertainties associated with the EOS of symmetric nuclear matter, it is useful to consider the ratio of squeezed-out neutrons to protons, particularly its transverse momentum dependence. As shown in Refs. [1, 68] , the n/p ratio is determined mostly by the density dependence of the symmetry energy and almost not affected by the EOS of symmetric nuclear matter. In Fig. 30 , we show the transverse momentum dependence of the neutron/proton (n/p) ratio of midrapidity nucleons emitted in the reaction of 132 Sn+ 124 Sn at the incident beam energy of 400 MeV/nucleon and impact parameter of b = 5 fm. For squeezed-out nucleons emitted in the direction perpendicular to the reaction plane, which are obtained by introducing an azimuthal angle cut of 80
• < φ < 100
• and 260 • < φ < 280 • , the symmetry energy effect on the n/p ratio increases with the increasing transverse momentum p t as shown in the lower window. The effect can be as large as 40% at a transverse momentum of 1 GeV/c. Since high p t particles most likely come from the high density region in the early stage during heavy-ion collisions, they are thus more sensitive to the high density behavior of the symmetry energy. Without the cut on the azimuthal angle, the n/p ratio of free nucleons in the midrapidity region is much less sensitive to the symmetry energy in the whole range of transverse momentum. is as shown in the upper window. It is worth mentioning that the n/p ratio of free nucleons perpendicular to the beam direction in the CMS frame in 124 Sn+ 124 Sn reactions at 50 MeV/nucleon was recently measured at the NSCL/MSU [195] . This measurement was useful for studying the density dependence of the symmetry energy at sub-normal densities. To investigate the symmetry energy at supra-normal densities, similar measurements that allow the construction of the reaction plane using a TPC (Time-ProjectionChamber) and simultaneous detection of neutrons together with charged particles at much higher energies are being planned [196] . The results reviewed here provide strong scientific motivations and support for such experimental efforts. Compared to other potential probes, the n/p ratio of squeezed-out nucleons is complementary but carries more direct information about the symmetry energy at high densities. The sensitivity to the high density behavior of the nuclear symmetry energy observed in the n/p ratio of squeeze-out nucleons is probably the highest found so far among all observables studied within the same transport model.
Since the proposal of Aichelin and Ko that the kaon yield in heavy ion collisions at energies that are below the threshold for kaon production in a nucleon-nucleon collision in free space may be a sensitive probe of the EOS of nuclear matter at high densities [197] , a lot of works have been done both theoretically and experimentally on this problem [186, 198, 199, 200, 201, 202] . Since the kaon is an iso-doublet meson with the quark content of ds for K 0 and us for K + , the K 0 /K + ratio provides a potentially good probe of the nuclear symmetry energy as the n/p and π − /π + ratios, especially its high density behavior as kaons are produced mainly from the high density region during the early stage of the reaction and suffer negligible absorption effects.
Using the UrQMD model (version 1.3), Li et al. have investigated the symmetry energy effects on the K 0 /K + ratio by studying K 0 and K + production from the central 132 Sn+
132 Sn collisions at a beam energy 1.5A GeV with two different forms of the symmetry energy, namely, the F15 and Fa3, and the results are shown in Fig. 31 [203] . Since the beam energy is close to the kaon production threshold, which is about 1.58 GeV for nucleon-nucleon collisions in free space, the K 0 /K + ratio displays only a small symmetry energy effect. With decreasing beam energy, the symmetry energy effect becomes larger. For example, the kaon yields from the reaction at E b = 0.8 A GeV and b = 7 ∼ 9 fm, the K 0 /K + ratio for the stiff F15 is about 1.25, whereas it is about 1.4 for the soft Fa3. We note nuclear in-medium effects on kaon production are neglected in the UrQMD model simulations. Above results were confirmed by Ferini et al. using a relativistic hadronic transport model of BoltzmannUehling-Uhlenbeck type (RBUU) with different forms of the symmetry energies in central (b = 0 fm impact parameter) Au+Au collisions [102] . Their results, shown in Fig. 32 , indicate that at beam energies below and around the kinematical threshold of kaon production, the K 0 /K + inclusive yield ratio is more sensitive to the symmetry energy than the π − /π + , and subthreshold kaon production thus could provide a promising tool to extract information on the density dependence of the nuclear symmetry energy.
Experimentally, the FOPI collaboration has reported recently the results on K + and K 0 meson production in Fig. 33 to the predictions of a thermal model and the RBUU transport model using two different collision scenarios and under different assumptions on the stiffness of the symmetry energy. From Fig. 33 , one can see a good agreement with the thermal model prediction and the assumption of a soft symmetry energy for infinite nuclear matter while more realistic transport simulations of the collisions show a similar agreement with the data but exhibit a reduced sensitivity to the symmetry term. We note that in the present RBUU calculations, the isospin dependence of the K + -and K 0 -nucleon potentials in the asymmetric nuclear medium has been neglected. Recently, Mishra et al. studied the isospin dependent kaon and antikaon optical potentials in dense hadronic matter using a chiral SU(3) model and their results indicate that the density dependence of the isospin asymmetry is appreciable for the kaon and antikaon optical potentials. On the other hand, subthreshold kaon production in heavy-ion collisions depends on some detailed implementations of the transport model [201, 202] . Therefore, extracting useful information on the high density behavior of the nuclear symmetry energy from subthreshold kaon production in heavy-ion collisions induced by neutron-rich nuclei needs further studies from both experimental and theoretical sides.
Besides the K 0 /K + ratio, the Σ − /Σ + ratio has also been proposed as a probe of the high density behavior of the nuclear symmetry energy based on the UrQMD model (version 1.3) calculations [97] . Shown in Fig. 34 is the time evolution of the π − /π + ratios (left-hand side) and the Σ − /Σ + ratios (right-hand side) calculated with a ) is higher than the one with the soft symmetry energy (F appears again, the Σ − /Σ + ratio with soft symmetry energy now becoming higher than that with the stiff one. For pions, the results indicate that the ratio π − /π + at high energies (as in the case with E b = 3.5A GeV) becomes insensitive to the symmetry energy. The difference between the Σ − /Σ + ratio and the π − /π + ratio can be understood from the fact that, like nucleons, Σ ± hyperons are under the influence of the mean field produced by the surrounding nucleons, as soon as they are produced. The symmetry potential of hyperons thus play an important dynamic role and results in a strong effect on the ratio . Taken from Ref. [97] .
of the negatively to positively charged Σ hyperons.
VII. SUMMARY AND OUTLOOK
Heavy-ion collisions induced by neutron-rich nuclei provides a unique opportunity for investigating the properties of the isospin asymmetric nuclear matter, especially the density dependence of the nuclear symmetry energy. To extract useful information from these collisions, transport models have been found to be extremely useful. Applications of these models have helped us understand not only the isospin dependence of the inmedium nuclear effective interactions but also that of the thermal, mechanical and transport properties of asymmetric nuclear matter. These information, particularly the density dependence of the nuclear symmetry energy, are very important for both nuclear physics and astrophysics. Significant progress has been made in recent years in determining the density dependence of the nuclear symmetry energy. Based on transport model calculations, a number of sensitive probes of the symmetry energy have been identified. In particular, the momentum dependence in both the isoscalar and isovector parts of the nuclear potential was found to play an important role in extracting accurately the density dependence of the symmetry energy. From comparison of results from the transport model with recent experimental data on isospin diffusion from NSCL/MSU, a symmetry energy of E sym (ρ) ≈ 31.6(ρ/ρ 0 ) γ with γ = 0.69−1.05 at subnormal densities, which corresponds to the isospin and momentum dependent MDI interaction with x = 0 and −1, has been extracted. This conclusion is consistent with those extracted from studying other observables such as the isoscaling data and the neutron-skin thickness in 208 Pb. [18, 113, 205] ). Taken from Ref. [104] .
Although considerable progress has been made in determining the density dependence of the nuclear symmetry energy at sub-normal densities, probing the high density behavior of the nuclear symmetry energy remains a major challenge. Our current knowledge on the density dependence of the nuclear symmetry energy can be seen from Fig. 35 , where predictions from several typical theoretical model [10, 18, 205] are compared with the phenomenological constraints that have been obtained from model analysis of experimental data. The constraints labeled x = 0 and x = −1 were extracted from studying the isospin diffusion in the reaction of 124 Sn + 112 Sn at E beam = 50 AMeV within an isospin and momentum dependent transport model [91, 107, 108, 109] . For this particular reaction, the maximum density reached is about 1.2ρ 0 . Moreover, it was shown that the neutron-skin thickness in 208 Pb calculated within the Hartree-Fock approach using the same underlying Skyrme interactions as the ones labeled x = 0 and x = −1 is consistent with the available experimental data [110, 111, 112] . The symmetry energy labeled as FSU-Gold was calculated within a RMF model using an accurately calibrated parameter set such that it reproduces both the giant monopole resonance in 90 Zr and 208 Pb as well as the isovector giant dipole resonance of 208 Pb [113] . We note that the constraint obtained from the isoscaling analysis is also consistent with the FSU-Gold and the x = 0 case [114] . At present, these results represent the best phenomenological constraints on the nuclear symmetry energy at sub-normal densities.
Although all predicted nuclear symmetry energies shown in Fig. 35 are close to the existing constraints at low densities, they diverge widely at supra-normal densities, including those from the MDI interaction with x = −1 and that with x = 0 as well as the FSU-Gold. Since there are currently no experimental constraints on the high density behavior of the nuclear symmetry energy, more work is thus needed. In particular, experimental data including neutrons from reactions with neutronrich beams in a broad energy range will be useful for studying the behavior of the symmetry energy at high densities. We have reviewed recent theoretical progress in identifying the observables in heavy-ion collisions induced by high energy radioactive nuclei that are sensitive to the high density behavior of the nuclear symmetry energy. A plethora of potentially sensitive probes have been found, and they include the π − /π + ratio, isospin fractionation, n-p differential flow, double n/p and π − /π + ratio, double n-p differential transverse flow as well as the K 0 /K + and Σ − /Σ + ratios. Studying these observable in future experiments at high energy radioactive beam facilities is expected to lead to significant constraints on the behavior of the symmetry energy at supra-normal densities. Since transport models are essential in extracting these constraints from the experimental data, the continuous development of a practically implementable quantum transport theory for nuclear reactions induced by radioactive beams is important but poses a great challenge.
